
P L A N E  S T E A D Y  P R O B L E M  O F  H E A T - C O N D U C T I O N  

F O R  A H Y P E R B O L I C  C Y L I N D E R  W I T H  B O U N D A R Y  

C O N D I T I O N S  O F  T H E  T H I R D  K I N D  

B.  A.  V a s i l ' e v  

T H E O R Y  

UDC 517.946 

F redho lm  in tegra l  equations of the second kind a r e  obtained fo r  the t e m p e r a t u r e  dis t r ibut ion 
at  the su r face  of a hyperbol ic  cyl inder  which is cooled in accordance  with Newton 's  law. The 
in tegra l  equations p e r m i t  solution by the s u c c e s s i v e - a p p r o x i m a t i o n  method at smal l  values  of 
the Biot  number .  

I t  is known that  boundary conditions of the third kind do not p e r m i t  effect ive use of the c o n f o r m a l - m a p -  
ping method in solving plane po ten t ia l - theory  p rob l ems .  However ,  by the additional use  of accura te  solutions 
fo r  wedge- shaped  bodies [1], ce r t a in  regions  of shape asympto t i ca l ly  close to a wedge may  be considered.  In 
p a r t i c u l a r ,  conformal  mapping  of a wedge into a hyperbol ic  cy l inder  al lows F redho lm in tegra l  equations of 
the second kind to be obtained fo r  the t e m p e r a t u r e  dis t r ibut ion at  the cyl inder  sur face .  

F o r m u l a t i o n  o f  t h e  P r o b l e m  

Suppose that  it is r equ i red  to find the Laplace  equation 

A u = 0 ,  (x, y) Eg~ 

with the boundary condition 

where  

(1) 

Ou bhu I =q~(p), PEF, (2) 
an Ir 

P. + F = {(x, Y)I x ~ 1/-~2 + c~sinZ%, ctg%,, - -  c~ < y < +oo}; 

0 < % , < ~ ,  

~u/~r~ is the de r iva t ive  along the d i rec t ion  of the ex te rna l  no rmal ;  h, a posi t ive  constant ;  2c ,  dis tance between 
loci of the hyperbola ;  23,, angle between a sympto t e s  of the hyperbola ;  ~(p)E L2(T), a given function. 

To solve Eqs.  (1) and (2), a cu rv i l inea r  coordinate  s y s t e m  (p, 0) is introduced,  re la ted  to the Car t e s i an  
coordinates  (x, y) as follows [2]: 

! 1 

Z ~  
2 L~- J 

where  

z = x §  m = - - ,  ~ = p e x p i 0 ,  0 4 9 < 0 0 ,  - -7~<0~-~+ %,. 
2%, 

The function (3) p e r f o r m s  the mutual ly  s ing le-va lued  mapping  of a wedge with ve r t ex  angle 2y onto a 
hyperbol ic  cyl inder ;  0 < y < r/2 co r r e sponds  to the in te r io r  region of the r ight -hand branch of the hyperbo la  
and 7r/2 < 3, < 7r to the ex t e r i o r  region of the lef t -hand branch of the hyperbola .  F o r  3, = ~/2 and 3' = 7r, the 
mapping  function is l inear .  Following the analyt ic-cont inuat ion pr inciple  for  a ha rmon ic  function [2], the 
solution of the p rob l em  will be sought in the f o r m  of a sum 

u = u + + u-, (4) 
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where  

u + (p, 0) = u § (p,  - 0) ~, u -  (p, 0) = - -  u -  CO, - -  0). 

The functions u(~)(p, 0) sa t i s fy  the equation* 

O( Ou) OZu p~p + - - = 0 ,  
P ~ do 2 

- -  +haco)u I =a(p)f(p), 
o=-r 

0 < p < o o ,  
O < O < v ,  �9 (5) 

with the boundary condition 

1 Ou 

p O0 

and the conditions on the s y m m e t r y  l ines  

o <  p <  oo (6)  

where 

ou* = 0 ,  0 = 0 ,  O < p < o o ,  
dO 

u - = O ,  0 = 0 ,  O < p < o o ,  

l+ (p) = ,p (p, v) + ,p CO, --v) l- Lo) 'P (p' v) -- q~ CO, -- v). 
t -- t 

2 2 

(7) 

aCo)= a~_~ cp ~-' 1// • -2 m +  __p, , ,  ) m z (V 02"+ 1 +pm) ( g  p2.Z+ 1 - -  2 cos - -  (8) 
2 l / - p ~ +  1 m ' 

1 
O = y ,  O < p < o o ,  m > - ~  

Reducing the Problem to the Solution of Integral Equations 

The significant feature of the mapping (3) which allows the Fredholm integral equations of the 
second kind to be obtained is that it is possible to write the modulus of the derivative of the mapping function 
(8) on the boundary 0 = T in the form 

l--rtl 

aco) = 2 ~ c  [1 + b (p)], (9) 

where  

ilbCo) i d p <  oo, O <  l<ax.  
0 

Substi tuting Eq. (9) into Eq. (6) gives 

1 o u + flu o__v=a(o) f (O)-- t tb(p)u=e(p) ,  0<~<oo ,  (10) 
p dO :_  " 

l--trl  

w h e r e H =  2m hc is the Blot  number .  

A s s u m i n g  that  F(p) is a known function,  the solution of Eqs.  (5), (7), and (10) is wr i t ten  in the fo rm [1] 

(11) 
~ + H  

Setting O = y in Eq. (11), and substituting into Eq. (10), integral equations for the temperature distribution 

at the hyperbollc-cyllnder surface are obtained: 

.Co) + M ~.(r)b(r)K~(H, r, p)d~ = ia(r)t(')K~( H, r, (12) p) dr, O ~ p < o o ,  
o 

* The symbol  (~  will  be  omit ted  below. 
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where  

K~ (H, r, p) = i % (~r) % (~) d~ 

~ + H  

It may be shown that  the l inear  o p e r a t o r  (12) s a t i s f i e s  the condition fo r  the appl icabi l i ty  of the com-  
p r e s s e d - m a p p i n g  pr inc ip le  in tim m e t r i c  space  {u~o)} with the no rm 

= 

0 

(13) 

and the d is tance  

8(u,  v) = ilu - -  vii. (14) 

Accord ing  to the c o m p r e s s e d - m a p p i n g  pr inc ip le ,  the s u c c e s s i v e - a p p r o x i m a t i o n  method may  be used to solve 
Eq. (12) under  the condition [3] 

Hzi" S [b (r)ll b (P)l/(~ (/4, r, p) drdp < 1. (15) 
0 0  

The condition (15) is  sa t i s f ied  when H is suff icient ly smal l .  In addition, when m is an in teger ,  the kernel  (12) 
is e x p r e s s e d  in final f o r m  in t e r m s  of an in tegra l  power  function, and p e r m i t s  effect ive solution by n u m e r i c a l  
methods  [4, 5]. 

E x a m p l e  

The p rob l em  is to find the steady t e m p e r a t u r e  dis t r ibut ion at the su r face  of a hyperbol ic  cylinder if 
there  is a l inea r  heat  source  at the focus of the hyperbola  and the su r face  is cooled by Newton 's  law in a 
med ium of ze ro  t e m p e r a t u r e .  

The solution is sought in the f o r m  of a sum,  

u = --q-- In [ P2"----!+ 2p" cos m___e ~ 1 ] + u+ ' (16) 
4~K [ p2m __ 2p,ncos m0 + 1 

where  u + is the des i r ed  t e m p e r a t u r e ;  K is the t h e r m a l  conductivity;  q is the heat  l ibe ra ted  by the source  in 
unit t ime  p e r  unit length. The t e m p e r a t u r e  dis t r ibut ion u = u + at  the su r face  0 = 7 is found f r o m  Eq. (12). At 
sufficiently smal l  H, the solution of the equation is wr i t ten  in the fo rm 

u+ (P) i a(r) = f+ (r)K.~(H,= r, 9 ) d r [ l + O ( H l n H ) ] ,  0 ~ 9 < o o ,  (17) 
0 

where  

a (r) f+ (r) - 
q mr 

=K r ~'~ + 1 

N u m e r i c a l  va lues  of Eq. (17) a re  given in [4] fo r  m = 1, 2, 3. 

In conclusion,  note that  analogous r e su l t s  may be obtained in the case  of a l inear  source  q at  an a r b i -  
t r a r y  posi t ion in the region ~2. 
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